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? $\text{ }$– (Coupled Mode Theory)
$\text{ }$



















( ) $u(x)$ Z
$u(x)$ $\mathrm{A}\mathrm{a}$
$u(x+d)=u(x)$ (2)
Schr\"odinger ( $1\rangle$ 1-’{
[5] ( $k$ )
















. $\phi(x)$ (3) (4),(5) Schr\"odinger
(1 $u_{n}$ $\phi_{n}$ 1 $\phi_{n}$
$\phi_{n}=\frac{\phi_{0}u_{n}}{k^{2}-(k+2\pi n/d)^{2}}=\frac{\phi_{0}u_{n}}{4\langle k+n\pi/d)n\pi/d’}$ $(n\neq 0)$ (6)
24
$\text{ }$ \phi ‘‘‘ $\phi_{n}$ $k$ $\pi/d$ $k–m\pi/d$
$\phi_{-m}$
t\iota #f \sigma ) $k\simeq\pi/d$ $m=1$ $k=\pi/d\equiv k_{B}$
$\ovalbox{\tt\small REJECT}\mathrm{h}\ovalbox{\tt\small REJECT}$ $k\simeq k_{B}$ $(m=1)$
Foureir $\phi_{-1}e^{-ikx}$ 0 reference
(5) $n=-1$
$\phi_{k}(x)=\phi_{0}e^{:kx}+\phi_{-1}e^{i(k-2\pi/d)x}+\sum_{n\neq 0,-1}\phi_{n}e^{i(k+2\pi n/d)x}$ ,
$\iota$
$=( \phi_{0}e^{ik_{B}x}+\phi_{-1}e^{-ik_{B}x}+\sum_{n\neq 0,-1}\phi_{n}e^{:(1+2n)k_{B}x},$ $)e^{:Kx}$ $\sim(7)$
$\phi_{0},$ $\phi_{-1}$ $arrow$ $k\simeq k_{B}=\pi/d$ $k=k_{B}+K$ ( $K$ )











$u_{-n}=u_{n}^{*}$ $k$ $k_{B}$ $K$
$\Omega\simeq K^{2}+2k_{B}K$ $\omega=k^{2}$















$\frac{\partial^{2}E}{\partial x^{2}}=\frac{1}{c^{2}}\frac{\partial^{2}}{\partial t^{2}}(\chi^{(1)}(x)E+\chi^{(3)}E^{3})$ , (12)








$\langle\chi^{(1)}(z)\rangle\equiv\chi_{0}=1\gg\chi_{n}(n\neq 0)$ $\text{ }E=E(x, t)$ $x$
$\mathrm{A}\backslash$ \vee
$E(x, t)$ (7)
$E(x, t)=E_{+}(x, t)e^{:(k_{B}x-\mathrm{t}tt)}+E_{-}(x,t)e^{:\mathrm{t}-k_{B}x-\omega t)}+c.c.$, (14)
$k_{B}\equiv\pi/d$ $\omega$
$\omega=ck_{B}$ $E_{+}(x,t),$ $E_{-}(x, t)$
$e^{:(k_{B}x-\omega t)}$






(14) (12) $e^{i(\pm k_{B}x-\omega t)}$
2
$\dot{\iota}(\frac{1}{v_{g}}\frac{\partial E_{+}}{\partial t}+\frac{\partial E_{+}}{\partial x})+\kappa E_{-}+a(|E_{+}|^{2}+2|E_{-}|^{2})E_{+}=0$, (15)
$\dot{\iota}(\frac{1}{v_{g}}\frac{\partial E_{-}}{\partial t}-\frac{\partial E_{-}}{\partial x})+\kappa E_{+}+a(|E_{-}|^{2}+2|E_{+}|^{2})E_{-}=0$ , (16)




$E_{\pm}=\phi_{\pm}\exp i(Kx-\Omega v_{g}t)$ , (11)






$P= \int_{-\infty}^{+\infty}\mathcal{P}dx=\int_{-\infty}^{+\infty}\frac{1}{i}(E+\frac{\partial E_{+}^{*}}{\partial x}+E_{-}\frac{\partial E_{-}^{*}}{\partial x})dx,$ $\cdots\underline{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{u}\mathrm{m}}$
$H=v_{g} \int_{-\infty}^{+\infty}[\frac{i}{2}(E_{+}\frac{\partial E_{+}^{*}}{\partial x}-E_{-}\frac{\partial E_{-}^{*}}{\partial x})+\kappa E_{+}^{*}E_{-}+a(\frac{|E_{-}|^{2}+|E_{+}[^{2}}{4}+|E_{+}E_{-}|^{2})]dx$
$= \int_{-\infty}^{+\infty}Hdx$ $\cdots$ Hamiltonian(totalenergy)
$H$
$\frac{\partial E_{\pm}}{\partial t}=\dot{\iota}\frac{\delta H}{\delta E_{\pm}^{*}}$ , $\frac{\partial E_{\pm}^{*}}{\partial t}=-i\frac{\delta H}{\delta E_{\pm}}$
$N$ $P$
$\frac{\partial N}{\partial t}+\frac{\partial v_{g}(|E_{+}|^{2}-|E_{-}|^{2})}{\partial z}=0,$ (power flow)
$\frac{\partial P}{\partial t}+\frac{\partial \mathcal{H}}{\partial x}=0$ . (momentum flow)
(18)
3.2 Gap Soliton $\backslash$
(15),(16) $[3]_{\text{ }}$














$I(F, \phi)=2\gamma^{2}\Omega F+2\gamma\kappa F$coe $\phi+\gamma(1+2\gamma^{2})F^{2}$ , (26)

















$\ovalbox{\tt\small REJECT} \mathrm{V}\mathrm{e}\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$ potential $\Phi(x, y, t)$ :
(Incomperssible, Irrotatioanl, Lossless Fluid)
$\frac{\partial^{2}\Phi}{\partial x^{2}}+\frac{\partial^{2}\Phi}{\partial y^{2}}=0$ . (28)
oBoudary condition at the bottom:(y $=-h_{0}+h(x)$ )
$\frac{\partial\Phi}{\partial y}=\frac{\partial\Phi}{\partial x}\frac{dh(x)}{dx}$ , (at $y=-h_{0}+h(x)$ ). (29)
oFree boundary on the water surface:
$\frac{\partial\Phi}{\partial y}=\frac{\partial\eta}{\partial t}+\frac{\partial\Phi}{\partial x}\frac{\partial\eta}{\partial x’}$ (at $y=\eta(x,$ $t)$ ). (30)
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oEuler equation:
$\frac{\partial\Phi}{\partial \mathrm{t}}+\frac{1}{2}\{(\frac{\partial\Phi}{\partial x})^{2}+(\frac{\partial\Phi}{\partial y})^{2}\}+g\eta=0$, (at $y=\eta(x,$ $t)$ ). (31)
oPeriodic bottom:
$h(x+d)=h(x)=-h_{0} \sum_{j\neq 0}^{\infty}h_{j}e^{2\cdot k_{B}jx}.$ , $(h_{-j}=h_{j}^{*}, k_{B}= \frac{\pi}{d})$ (32)
$1\gg h_{j}\sim O(\epsilon)$ : $g$
$h(x)=0$
$\eta(x,t)=A\omega/g\cosh(kh_{0})\cos(kx-\omega t)$ , (33)
$\Phi(x,y,t)=-A\cosh(k(y+h_{0}))\sin(kx-\omega t)$ . (34)
$\omega^{2}=gk\tanh(kh_{0})$ (dispersion relation) (35)
(14) $\Phi(x, y, t)$
$\eta(x, t)$
$\Phi(x, y, t)=(\phi_{+}(x, y, t)e^{:(k_{B}x-\omega t)}+\phi_{-}(x, y,t)e^{:(-k_{B}x-\omega t)})+\mathrm{c}.\mathrm{c}.$ , (36)
$\eta(x, t)=(\eta_{+}(x,t)e^{:(k_{B}x-\omega t)}+\eta_{-}(x,t)e^{:(-k_{B}x-\omega t)})+\mathrm{c}.\mathrm{c}$ . (37)
$\phi_{\pm}(x, t),$ $\eta_{\pm}(x, y, t)$ Euler (31)
$g\eta_{\pm}=$ $\phi_{\pm}-$
–$\partial\phi_{\pm}\partial t$ $(y=0)$ (38)
\phi $\eta\pm$ $\Phi$
(28) (29) \phi $y$




$( \frac{1}{v_{g}}\frac{\partial}{\partial t}+\frac{\partial}{\partial x})A_{+}+\kappa_{+}A_{-}=0$ , (40)
.
$( \frac{1}{v_{g}}\frac{\partial}{\partial t}-\frac{\partial}{\partial x})A_{-}+\kappa_{-}A_{+}=0$ , (41)
$\kappa_{\pm}=-\frac{\omega k_{B}h_{0}h_{\pm 1}}{2v_{g}\cosh(k_{B}h_{0})\sinh(k_{B}h_{0})}$ . (42)













$\phi_{\pm}(x, y, t)=A_{\pm}(x, t)\cosh k_{B}(h_{0}+y)+(\mp i\frac{\partial A_{\pm}}{\partial x}(y+h_{0})+k_{B}h_{\pm}A_{\mp})\sinh k_{B}(y+h_{0})$
$\phi^{(0,\pm 2)},$ $\phi^{(2,\pm 2)}$
$\phi^{(l,\pm 2)}(x, y)=A^{(l,\pm 2)}(x, t)\cosh 2k(y+h_{0})$ , $l=0,2$
$y$ $\phi^{(2,0)}$ \sim $x$ $t$
$\phi^{(0,0)}$
$\phi^{(0,0)}(x, y, t)=D(x, t)-\frac{1}{2}(y^{2}+2yh_{0})\frac{\partial^{2}D}{\partial x^{2}}$
$y=\eta(x, t)$
$\frac{\partial\Phi(x,\eta(x,t),t)}{\partial t}=\frac{\partial\Phi(x,0,t)}{\partial t}+\eta(x, t)\frac{\partial^{2}\Phi(x,0,t)}{\partial t\partial y}+\frac{1}{2}(\eta(x, t))^{2}\frac{\partial^{3}\Phi(x,0,t)}{\partial t\partial y^{2}}+\cdot\cdot(43)$
31
$A_{\pm},$ $A^{(l,m)}$ (30) (31)
$A^{(2,\pm 2)}\propto(A_{\pm})^{2}$ (second harmonics) (44)
$A^{(2,0)}\propto A_{+}A_{-}$ (45)
$A^{(0,\pm 2)}\propto A_{\pm}A_{\pm}^{*}$ (46)
$D(x,t)$ A
.
$( \frac{1}{v}\frac{\partial}{\partial \mathrm{t}}\pm\frac{\partial}{\partial x})g$ A\pm +\kappa A $+ \{a|A_{\pm}|^{2}+b|A_{\mp}|^{2}+c\frac{\partial D}{\partial t}\}A_{\pm}=0$ , (47)
$( \frac{\partial^{2}}{\partial x^{2}}-\frac{1\partial^{2}}{v_{0}^{2}\partial \mathrm{t}^{2}})D+d\frac{\partial}{\partial x}(|A_{+}|^{2}+|A_{-}|^{2})=0$ . (48)
A+ $A_{-}$ $D$ $a,$ $b,$ $c,$ $d$
$\phi^{(0,0)}$ $\mathrm{D}\mathrm{C}$ ( ) $\mathrm{D}\mathrm{C}$
(rectffication) $D(x,t)$ $\mathrm{D}\mathrm{C}$
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